CHAPTER 6: MATRICES AND LINEAR EQUATIONS

Matrices
A matrix is a rectangular array of numbers. The numbers in a matrix are called elements. The
number of rows and columns are called the dimensions of the matrix. Thus, matrix A

[0 -
2x3237

possesses dimensions 2x3, or D(A) = 2x3, because it contains two rows and three columns.
Similarly for

Note that the row dimension always appears first. An element of a matrix may be identified by a
double subscript, i.e.

a1

would be the element in the second row and first column of A
1.e. a3 = 2, a;3 =—1 and so on.

6.1 ADDITION OF MATRICES

Two matrices, say A and B, can be added only if they are of the same dimensions. The sum of
two matrices will be the matrix obtained by adding corresponding elements of matrices A and B.

Example: Find A + B where

w2 4], Jo-1
2x3 _1 6 0 2x3 6 _3 2
2 1 4 0 -1 1 -
. . [@+0) a-n @+n] _[2 0 5
16 0| |6 =3 2| |(-1+6) (6-3) (0+2)| |5 3 2
6.2 MULTIPLICATION OF A MATRIX BY A REAL NUMBER

We desire a rule for multiplying a matrix by a real number, i.e. 3A where

R. Gebotys 2008 6-1



32)  3(0) 6 0
3A=|33) 36)|=]9 18
3-1) 36)| |-3 18

6.3 MATRIX MULTIPLICATION

The rule for matrix multiplication requires “row-column multiplication”.

w201, 5 2
2x2142x2 _13

An element in the i row and j™ column of the product AB is obtained by multiplying the i row
of A by the j® column of B.

op |2 0[5 2] _[t0 4
IR 40 -1 3 1 14

The first row - first column product would be

2)(3) +O)-1)=10

The first row - 2™ column product

2)2) +(0)3) =4

The 2™ row — 1% column

(DG + D=1

The 2™ row - 2™ column

(D@ +#HB) =14

2
4 -1 -1
A=|1 —-1|B=
2 0 2
0
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2 1 10 -2 0
Ao Bos=|1 -1 4 -1 -1 2 -1 —-3|=AB
3x2 1D2x3 2 O 2 3x3
0 4 8 0 8

2 1
B A+ 0 M1 217 '] -pa
2x3 £23x2 2 0 2 4 1 0 2x2
0 4

Note Apyp Bpxqg = ABpyq the inner two dimensions must be equal.
6.4 IDENTITY ELEMENTS
In addition the identity element is 0, i.e.

0+2=2
0+ (-9)=-9

In multiplication the identity element is 1, i.e.

(1(5) =5
(1)(-4) = -4

In matrices the identity matrix for multiplication is matrix I where
Al=Aand A=A

The matrix called the identity matrix, is the square matrix

1 00000
010000
1=001000
1o o 01 00
0000T1 0
00 00 0 1]

All elements in the main diagonal of the matrix are equal to 1.

2 1 0
A:

{—163}
Lo fvof2 o] _f2 1 0)_,
MEET0 1l-1 6 3] |-1 6 3
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2 1 0|1 O 2 1 0
A I = = =A
-1 6 3|({0 1 -1 6 3

6.5 INVERSE OF A MATRIX
In order to solve the equation

2X

Il
o)

multiply by 1/2, then x=3,1.e.21/2=1

Thus, the product of a number by its reciprocal must equal the identity element for multiplication.
Let A,, be a square matrix, if a matrix A~ can be found, such that

AA'=Tand A'A=1
then A is called the inverse of A.
6.6 TRANSPOSE OF A MATRIX

Let Apyq. Then A’, called the transpose of A, is defined to be a matrix obtained by interchanging
corresponding rows and columns of A.

2 0
‘ 21 4
1.e. Az = 1 1| Then Az = 01 3
4 3
Yl
Ex2 Yy = Y2 Then Y’ 3= [Yl Y2 Y3]
Y3

3
Note that Y’Y = ZY %

i=1
6.7 Exercises

1. Give the dimensions of the following matrices.

2 6
a)|3

—_—
N

b)

(e}

0 3
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31 2
¢)|0 0 4
1 9 8
DX X . %]
e) [6]
Identify the element in
a)ay
b) by
c) 33

Which of the following are equal?

4 2
2 1 2 2
a)06and92

2 2
2 4 4 8

12 2]
1 0 0

1 0
b)|0 1 Ofand
10 0 1

Give the transpose of the following matrices.

a) [al a, a3]

b)

N O = N AN

A W O

Add the following matrices.

2 1} [4 1}
a) +

0 3 3 2
(2

b)

~ LW =
e N S
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|

2 3]

Il

1

4

2
1

|

6. Multiply the following matrices.

6.8 LINEAR EQUATIONS

a)

b)

The equation

3

2

3
1
0

1

A © O

= S S

y=PBotB:X

is the equation of a straight line. By and B; are the parameters of the line. By is the y-intercept, the

value of y when X = 0 and B, is the slope of the line, how y changes per unit increase in X.

IFy =2+ 6X

then when x = 0, y = 2. In other words, the y-intercept is 2.

IF x is increased by one unit (i.e. 1), then the value of'y increases by 6. In other words, B, = 6.

A plot of the line can be easily produced. First plot the y-intercept (0, 2) and then select another
point, say X = 3 then y = 20. Given that a straight line is determined by two points, connect the
dots. See figure 6.1.
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Figure 6.1
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6.9 Exercises

1. Graph the following equations.

a. y=2+3x
b. y=2-3x
c. y=-2+3x
d. R=4+3V

6.10 QUADRATIC EQUATIONS

The equation

y=p"+ B X+ p:X*

is the graph of a parabola. If §, > 0 the parabola opens upward U , whereas if §, <0 the
parabola opens downward M . The lowest (highest) point of the parabola when B, > 0 ( f, <0) is
called a verticie. The value of X at this point is given by X = - B, / 2,

Figure 6.2
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For example, consider y = -8 - 2X + X’
Here, Bo=-8, 1 =-2, B, =1, the vertex isX=- 3, /2 B,=-(-2) / 2*1 =1
y=-8-2%1+1°=-9

Vertex is (1, -9).

D =
Y -5
-10 T T
] 1 2 3 4
X
Figure 6.3

6.11 Exercises
1. Graph
a. y=-8-2x+2x
b. y=-4+4x-2x
6.12 POLYNOMIALS

The general polynomial of the k™ degree in X is given by

y=Po+ P X'+ P2+ ...+ prXE

in which k is a positive integer and the B’s are constants. The graph of a polynomial y = f(X) can
be obtained by computing several points (X, ¥) and joining them with a smooth curve.

e The line in section 6.7 can be called a polynomial of degree one.
e The quadratic in section 6.10 is also known as a polynomial of degree two.
e A cubic equation can be called a polynomial of degree three.

Psychologists rarely model systems with polynomial models of degree 3 or higher. Polynomials
are used to model psychological systems, since in more advanced mathematics it can be shown
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that polynomials are smooth curves without breaks or sharp corners. This continuity models
psychological systems very adequately.

Click here for some more examples.
6.13 Exercises

1. Graphy=x’—3x>—3x+ 5 and let X range from -5 to +5.
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Polynomials

POLYNOMIAL MODEL OF DEGREE 1 (Linear Model):

Polynomial of Degree 1 is given by

Yy = Bo + B1x

The above equation is the equation of a straight line. Bo and 1 are the
parameters of the line. o is the y-intercept, i.e., the value of y when X = 0 and B4
is the slope of the line, that is, how much y changes per unit increase in X.

For example in the equation: y = -4 + 2x,

Bo = -4 this means that when x = 0, y = -4; in other words, the y-intercept is -4.
B1 = 2 meaning that when X is increased by one unit the value of y will increase by
2 units.

It is easy to graph the line denoted by the above equation. First plot the y-
intercept (0, -4) and then substitute X with an integer (1, 2, 3, ...) and calculate the
corresponding value of y for another point: for example, when x =3,y =2.

Given that a straight line is determined by two points, draw a line through these
two points. This represents the line denoted by the equation above. To make sure
that the line is correct always calculate two or more points and plot them to see if
they fall on the line.

The graph of the above equation is shown in figure 1.1 below. Table 1.
gives the values of X from -4 to 4 and the corresponding Yy values calculated by
substituting X into the equation y = -4 + 2X.

Table 1.
X y
-4 -12
-3 -10
-2 -8
-1 -6
0 -4
1 -2
2 0
3 2
4 4






Figure 1.1. The equation of the line y = -4 + 2x

y =-4+ 2X
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The line cuts the y-axis at y = -4. Also, because the slope of the line is positive,
the line “dips” toward the left-hand side of the graph (as X increases, y increases).

Changing the sign (i.e. from positive to negative) of . (or the slope), will
result in a line which “dips” towards the right-hand side of the graph. For
example, for, y = -4 - 2x, the line still cuts the y-axis at y = -4, but the line “dips”
in the opposite direction i.e. as X increases, Y decreases (see line figure 1. 2).
Changing the intercept will move the line either upwards or down wards along the
y-axis, depending on the sign and magnitude of B.. For example, fory =4 + 2x
(i.e. the intercept is changed from -4 to 4) the original line in figure 1.1 will be
shifted upwards and cut y-axis at y = -4. See figure 2.





Figure 1.2
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POLYNOMIAL MODEL OF DEGREE 2 (Quadratic Model):

A polynomial of degree 2 is given by the following equation

y=PBo+Bix + BxX°

The graph of a polynomial model of degree 2 will curve once. The graphs
of polynomials of degree 2 or higher can be obtained by substituting X with
several integers and computing the corresponding y values for the points (X, Y)
then plotting and joining these points with a smooth curve.

The above equation is the graph of a parabola. If 2> 0, the parabola
opens upward (U); whereas if B, < 0, the parabola opens downward (N). To

illustrate the above, please see figure 2.1 and figure 2.2 below.

Figure2.1. Graph of y = -4 +2x + 2x?
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Figure 2.1 is the graph of the equation y = -4 +2x + 2x* (that is B2 > 0), the
parabola opens upward.





Figure 2.2 Graph of y = -4 +2x - 2x?
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Figure 2.2 is the graph of the equation y = -4 + 2x — 2x* (that is B2 < 0), the
parabola opens downward.

The lowest (or highest) point of the parabola when B, > 0 (or B2 < 0) is called a
verticie. The value of X at this point is given by X = -(B1/2 B2)

For the example above x = -(2/2(-2)) = .5 (substitute X in the above equation and
solve for y).





