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Given a separable polynomial f(T ) of degree n over a field K, the purpose of this
talk is to present algorithms for computing in the splitting field in an exact way but
with the minimum effort, that is, without obtaining the splitting field before. This
idea is based on the dynamic evaluation method (see [4]).

We first construct the splitting algebra associated to f(T ), denoted by AK,f , where
f(T ) totally splits. Recall that the splitting algebra is defined by the quotient ring
K[X1, . . . , Xn/J where J is the ideal generated by the symmetric functions on the
roots of f(T ).

It is well known that a splitting field is given by an ideal generated by a maximal
idempotent of AK,f . Nevertheless it is not possible to compute such an idempotent in
the general situation. Therefore we consider the splitting algebra as our first dynamic
splitting field, denoted by Cd.

If when calculating, we find an element z ∈ Cd indicating that Cd is not really a
field, that is, an element z which verifies at least one of these properties

i) z is a zero divisor (T divides Minz(T )).

ii) degree(Minz(T )) < degree(Rv(T )),

iii) Minz(T ) = R1 R2, with deg(R1) ≥ 1 and deg(R2) ≥ 1,

we apply our algorithms to calculate a new dynamic splitting field where z will behave
in a correct way. This new dynamic field is a better approximation to a representation
of the splitting field of f(T ). Furthermore joint with the dynamic splitting field, we
also compute a dynamic Galois group which is a better approximation to the Galois
group of f(T ). Thus, in this new Cd we go on computing and proceed in the same
way such that we only define a new dynamic field if it is necessary.

These new dynamic fields are quotient rings defined by Galois ideals whose sta-
bilizers define our dynamic Galois groups. One of the most important properties of
Galois ideals is that their Gröbner basis are triangular. This property independently
appears in both [1] and [7]. A generalization of this property appears in [5].

Observe that in our work it is crucial the computing of minimal polynomials. In
Magma (see [3]), it is done with the function MinimalPolynomial. On the other hand,
an efficient algorithm based on the Berlekamp Massey Algorithm can be found in [2]
and [10]. It is also possible to compute it via Gröbner Basis. Let T be a new variable.
Given z ∈ Cd and the Galois ideal which defines Cd, denoted by b, the Gröbner basis
of the elimination ideal (b + 〈T − z〉) ∩K[T ] returns the minimal polynomial of z.

However, we can get more information about Cd from the Gröbner basis of b +
〈T − z〉. Let Gb =GroebnerBasis(b + 〈T − z〉) with T < Xn < · · · < X1. If Gb is not
triangular then Cd is not a field. Suppose that P (T, Xn, . . . , Xi) is a polynomial in Gb
such that its leading coefficient with respect to the variable Xi is another polynomial
in T, Xn, . . . , Xi+1. Then this polynomial, the leading coefficient, is a zero divisor of
Cd and that allows us to obtain a new dynamic field where z behaves as in a field.

In the talk, we will illustrate these ideas with some examples.
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